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Abstract
We have calculated the O(α) radiative corrections to the tau decay τ → π(K)ν, taking
into account both the point meson contribution and the structure dependent radiation.
We find for the ratio Γ(τ → πν(γ))/Γ(π → µν(γ)) a radiative correction of +1.2%
and for Γ(τ → Kν(γ))/Γ(K → µν(γ)) one of +2.0%. We compare our results with an
earlier estimation and with experimental data.
Neglecting electromagnetic corrections, the decay rate Γ(τ → Mντ ) (where M = π or K) can
easily be predicted from Γ(M → µνµ). The relation at the order O(α0) is:
R
(0)
τ/M =
Γ(τ → Mντ )
Γ(M → µνµ)
=
1
2
m3τ
mMm2µ
(1−m2M/m2τ )2(
1−m2µ/m2M
)2 (1)
Using current particle data and the theoretical prediction for τ → eνν¯ (for details see below), this
yields the O(α0) prediction
(
BR(τ → πν) + BR(τ → Kν)
BR(τ → eνν¯)
)(theo,0)
= 0.650 (2)
Recent experimental averages for these branching ratios have been given in Ref. [1], resulting in
(
BR(τ → πν) + BR(τ → Kν)
BR(τ → eνν¯)
)(expt)
= 0.675± 0.015 (3)
So the O(α0) theoretical prediction is off by 1.7 standard deviations. This discrepancy might either
point to the importance of the neglegted radiative corrections of O(α), or the experimental numbers
might simply not be quite correct. (Note that the new τ data has greatly reduced the inconsistency
between the values for the τ mass, lifetime and its leptonic branching ratio, but there is still a hint
that the value given for the leptonic branching ratio might be too small.)
Marciano and Sirlin [2] have given an estimate of the QED correction. On the basis of the
short distance behaviour of the weak interaction they estimate the leading O(α lnmZ) corrections
to both decays as
RM.S.τ/pi = R
(0)
τ/pi
1 + 2α/π ln(mZ/mτ )
1 + 3
2
(α/π) ln(mZ/mpi) +
1
2
(α/π) ln(mZ/mρ)
(4)
(and similarly for the kaon mode, where mpi → mK), which, using the current particle data, yields:
(
BR(τ → πν) + BR(τ → Kν)
BR(τ → eνν¯)
)(M.S.)
= 0.646 (5)
This deviates from the experimental value by two standard deviations. But note that Eqn. (4) can
be rewritten as
RM.S.τ/pi ≈ R(0)τ/pi
[
1 +
α
2π
ln
(
m4τ
m3pimρ
)]
(6)
The large mass mZ actually drops out in the ratio and so the neglected terms which are non-leading
in mZ are of the same order of magnitude and must be taken into account in order to get a reliable
result.
We conclude that the increasing experimental accuracy asks for a reconsideration of the O(α)
corrections to these τ decays. We have calculated these corrections by taking into account both
the point meson contribution and the structure dependent radiation. In the usual manner [3] we
replace the vector-minus-axial vector current interaction
GF cos θCfpi[Ψ¯lγ
µ(1− γ5)Ψν ](i∂µ − eAµ)Φpi (7)
2
(which yields the point meson contribution) by the scalar-minus-pseudoscalar current interaction
GF cos θCfpim
(0)
l [Ψ¯l(1− γ5)Ψν ]Φpi (8)
where m
(0)
l denotes the bare lepton mass.
For the structure dependent radiation we use the ansatz of Ref. [4], which we quote here for
completeness (for details see there):
MSD =
GF cos θce√
2
{
iǫµνρσL
µǫνkρpσ
FV (t)
mpi
+ u¯(q)γ+ [(p · k)ǫ/− (ǫ · p)k/]u(s)
FA(t)
mpi
}
(9)
where the form factors are
FA(t) = −0.0116Resa1(t)
FV (t) =
−0.0270
1.085
[Resρ(t) + 0.136Resρ′(t)− 0.051Resρ′′(t)] (10)
with normalized Breit-Wigner like resonance factors
ResX(t) =
m2X
m2X − t− imXΓX(t)
(11)
with energy dependent widths, as described in the quoted reference.
We write the radiative corrected decay rates as
Γ(channel) = Γ0(channel)
[
1 +
α
2π
(
B(channel) +BSD(channel)
)]
(12)
where B(channel) is the point meson contribution, ie. the sum of virtual, soft and hard brems-
strahlung, and BSD(channel) arises from the structure dependent radiation (and its interference
with the point meson internal bremsstrahlung).
We find
B
(
M → lνl(γ)
)
= −3
2
∆ +
3
2
ln
m2M
µ2
+
19
4
− 2
3
π2 + 6 ln rl + f(rl) (13)
and
B
(
τ →Mντ (γ)
)
= −3
2
∆ +
3
2
ln
m2τ
µ2
+
25
4
− 2
3
π2 + g(rM) (14)
where
f(rl) = 4
(
1 + r2l
1− r2l
ln rl − 1
)
ln(1− r2l )−
r2l (8− 5r2l )
(1− r2l )2
ln rl
+4
1 + r2l
1− r2l
Li2(r
2
l )−
r2l
1− r2l
(
3
2
+
4
3
π2
)
(15)
3
and
g(rM) = 4
(
1 + r2M
1− r2M
ln rM − 1
)
ln(1− r2M)−
r2M(2− 5r2M)
(1− r2M)2
ln rM
+4
1 + r2M
1− r2M
Li2(r
2
M) +
(
3
2
− 4
3
π2
)
r2M
1− r2M
(16)
In these formulae ∆ denotes
∆ =
2
ǫ
− γEuler + ln 4π (17)
where 4−ǫ is the number of space-time dimensions. µ is the mass scale of dimensional regularization,
Li2(x) is the dilogarithmic function
Li2(x) = −
∫ x
0
dt
ln(1− t)
t
(18)
and the mass ratios rl and rM are defined by
rl =
ml
mM
rM =
mM
mτ
(19)
Note that f(0) = g(0) = 0, so from Eqn. (13) we find the well-known mass singularity of the total
radiative correction to pion decay as 3α/π ln(ml), whereas in the radiative correction to the tau
decay the pion mass singularities cancel according to Eqn. (14). The zeroth order pion decay rate
is proportional to m2l , whereas the tau decay rate does not vanish for zero pion mass. So both the
pion and tau results agree with the Kinoshita-Lee-Nauenburg theorem on the cancelation of mass
singularities [3, 5].
For the structure dependent contribution numerical integration yields:
BSD
(
π → µνµ(γ)
)
= 1.8 · 10−5 BSD
(
π → eνe(γ)
)
= 0.66
BSD
(
K → µνµ(γ)
)
= 0.060
BSD
(
τ → µνµ(γ)
)
= 1.46 BSD
(
τ → Kντ (γ)
)
= 2.60 (20)
We write the radiative corrections to the ratios as
R... = R
0
...(1 + δR...) (21)
and find from the above
δRτ/pi = +1.05% + 0.17% = +1.22%
δRτ/K = +1.67% + 0.29% = +1.96% (22)
where the first numbers (1.05 and 1.67, respectively) are the point meson contributions and the
second numbers give the structure dependent part. So in both cases the model dependent contri-
bution to the radiative correction is very small. This is true for the integrated and inclusive decay
4
rate, whereas in certain regions of the differential decay distribution the structure dependent part
becomes dominant [4].
Note that from Eqn. (13) and (20) we can also calculate the radiative correction to the ratio of
the electronic and muonic decay modes of the pion
Re/µ =
Γ(π → eνe(γ))
Γ(π → µνµ(γ))
=
m2e
m2µ
(
m2pi −m2e
m2pi −m2µ
)2 (
1 + δRe/µ
)
(23)
as
δRe/µ = −3.93% + 0.08% = −3.85% (24)
where −3.93% is the well known point pion correction [3].
From the 1992 particle data book [6] we extract
Γ(π → µνµ(γ)) = (2.528± 0.002) · 10−14 MeV
Γ(K → µνµ(γ)) = (3.41± 0.02) · 10−14 MeV (25)
and normalize to the standard model prediction for the electronic decay mode of the τ :
Γ(τ → eνν¯(γ) = G
2
Fm
5
τ
192π3
[
1− 8m
2
e
m2τ
+
3
5
m2τ
m2W
+
α
2π
(
25
4
− π2
) ]
= (4.033± 0.005) · 10−10 MeV (26)
using [1]
mτ = (1777.1± 0.5) MeV (27)
And so we arrive at our predictions:
(
BR(τ → πν(γ))
BR(τ → eνν¯(γ))
)(theo,O(α))
= 0.619± 0.001
(
BR(τ → Kν(γ))
BR(τ → eνν¯(γ))
)(theo,O(α))
= 0.0410± 0.0002
(
BR(τ → πν(γ)) + BR(τ → Kν(γ))
BR(τ → eνν¯(γ))
)(theo,O(α))
= 0.660± 0.001 (28)
The error bars given include only the uncertainties that result from the uncertainties of the exper-
imental input. So our prediction agrees with the current experimental value in Eqn. (3).
We finish by comparing our approach with that of Ref. [2]. Their estimate is derived from
the short distance behaviour of the weak interaction, whereas we have used a point meson and the
hadronically dominated structure dependent radiation, ie. the long and medium distance behaviour.
Firstly this explains the fact that the logarithms in mZ , which our calculation gives when we put
∆ = ln(m2Z/µ
2) do not agree with those in Eqn. (4). Furthermore we believe that the short distance
contributions are roughly the same for tau and pion decay and so they drop out in ratios like Rτ/pi
at least to a good approximation. And so our calculation should give a rather reliable prediction,
as it takes into account the dominant effects of these decays.
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